A work by Nicolas has shown that if it can be proven that a certain inequality holds for all n, the Riemann hypothesis is true. This inequality is associated with the Mertens theorem, and hence the Euler totient at n k=1 p k , where n is any integer and p k is the k-th prime. We shall show that indeed the Nicolas inequality holds for all n. As an incidental feature, our method also provides an elementary proof of the Prime Number theorem.
INTRODUCTION
Throughout this piece, p n will be the n-th prime. For any real number x, π(x) will denote the number of primes not exceeding x. The Euler number will be denoted by e, the Euler totient by φ and the EulerMascheroni constant by γ.
Nicolas [1] has brought attention to an inequality, given below as (1) , and has proven that if, for all k ≥ 2,
where N k = k j=1 p j , the Riemann hypothesis is true. Conversely, if the Riemann hypothesis is false, (1) holds for infinitely many k and is false for infinitely many k [Th. 2(b) ]. We rephrase (1) as (2) , below, for k ≥ 30456. We devise a function that connects the Euler totient with the natural logarithm to show that the left side of (2) is increasing to e −γ .
0.1. Remark. In the ensuing lemmas we cite the value 6.7537 because, for real x, we find 6.7537 to be approximately the root of
approximating upwards, which is the gradient of x (x+1)/x − x − log x.
Lemma 1.
For any x ≥ 6.7537, let k x be the real number for which x (k+1)/k = x + ln x. Then x/k x is increasing to one.
Proof. We have x 1+1/kx = x (kx+1)/kx . Since, for any c we have x ln c/ ln x = c, it follows that
Then
For t > 0, log(1 + t)/t is monotonically increasing as t → 0, and converges to one. Therefore, taking t = log(x)/x, the quotient x log(1 + log(x)/x)/ log x is increasing to one as x → ∞. Therefore, for y > x,
x log 1 + log x x log x < y log 1 + log y y log y
Here, the second relation is found through (5); and the proof is complete.
Lemma 2.
For all x ≥ 6.7537 and any function g x for which g x ∼ x,
Proof. The facts that 1 + 1/x → 1 and x 1/x → 1 together imply that for any r > 1 and y > 0, and any
Therefore, for some functions u x and v x for which
Let k x be as in Lemma 1. Since k x satisfies all conditions on g x , combining Lemma 1 and (9) gives (7).
Lemma 3. For any a > 0, let f (a) be the highest y for which log(y)(1 − 1/y) = log a. Then for all x > 6.7537 for which f (x) > x + 1,
Here, for each u ∈ {x, f (x) − 1}, (u + 1)/u = 1 + 1/u. Concurrently, we have I and II, below, I. For any r > 0 we have log(rx) − log x = log r. Contrastingly, we have the following. For any 0 < m x < 1 the real number xm x is increasing; also x 1+1/x = x(x 1/x ). Therefore, for y > x, (rx)
Here, the final relation follows through Lemma 2 for g x = k x where k x is as in Lemma 1, combined with the fact that log(rx) − log x = log r.
II. We have

6.7537
6.7537+1 6.7537
approximating upwards.
With reference to Lemma 2, the fact that
The combination of Remark 0.1, itself combined with II (above), and I implies that x 1+1/x − x − log x is decreasing. Therefore, combining Lemma 2 for g x = f (x) − 1 with (11) gives (10).
Definitions
For any real x, let
It is a result of Dusart [1] that π(x) < Hi(x) for all x ≥ 355, 991. Also log(x)Hi(x)/x is decreasing to one.
For any non-negative integer k, let q k be the highest x such that Hi(x) = Hi(355991) + k. We have
with q k < q k+1 .
1 1 An alternative function that fulfils the same methodological role as q k may be similarly formulated using any upper bound, uxx/ log(x), where ux is real and decreasing to one, on the prime count. Proof. Tacitly central to our proof is the average prime gap among primes ≤ p n , for its implications for the value p n − n k=1 log p k . We use Lemma 3 together with q n−π(q0) = q n−30456 , which is < p n , to show that p n − n k=1 log p k is sufficiently high as to afford a proof of Theorem 1. Through the Prime Number theorem, by which, for real x, π(x) ∼ x/ log x, we have
k=1 log p k / log p π(x) ∼ x/ log x ∼ Hi(x) with Hi(x) log x/x decreasing to one. Concurrently, for all j > 30456, by Lemma 3 for x = π(q0)
log q k , for each t ∈ {x, p j }, f (t) − t < 0.29748 + log t. Therefore, the fact that, for k ≥ 0, log(q k + log q k ) − log q k is decreasing while q k+1 − q k ∼ log q k , implies the following. For all u > 30456 = π(q 0 ) for which q u−π(q0) < q u−1−π(q0) + log q u−1−π(q0) , q u−π(q0) − log(q 0 + log q 0 ) − 0.29748 < q u+1−π(q0) − log q u+1−π(q0) − 0.29748
Here, in accordance with (15), we tacitly add log q 0 to both sides of each relation. Notably, for all t > 0 we have q k + t − q k > log(q k + t) − log(q k ). We take t = q u+1−π(q0) − q k for each k ∈ {0, u − π(q 0 )} for the first relation and t = p u+1 − q k for k = u + 1 − π(q 0 ) for the second.
Combining (15) and (16) gives, through Remark 0.2, for all d ≥ 30456,
By the Mertens Theorem [2] ,
Since x k=1 log p k ∼ p x while (18) implies that the left side of (2) is increasing, we have (2).
0.4. Remark. Theorem 2 is a statement of the Prime Number theorem, an elementary proof of which is incidental to our above method. Our proof uses the Mertens theorem, the proof of which (first published in 1874) does not require the Prime Number theorem (first proven in 1896).
Theorem 2. Let x be real. Then π(x) ∼ x/ log x.
Proof. Combining (11) and Lemma 2 for g x = f (x) − 1 gives lim x→∞ f (x) − x − log x = 0. Therefore, n k=1 log p k ∼ p n . Consequently, through the Mertens theorem, given by (19), we have, for all 0 < m < 1,
Therefore, π(x) ∼ x/ log x.
CONCLUSION
Combining Theorem 1 with the cited work of Nicolas proves the Riemann hypothesis. Our Theorem 2 shows that an elementary proof of the Prime Number theorem follows incidentally from our method.
